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DOUBLE CONSTRUCTION FOR CROSSED HOPF
COALGEBRAS
MARCO ZUNINO
Abstract. We provide an analog of the Drinfeld quantum double construction
in the context of crossed Hopf group coalgebras introduced by Turaev. We
prove that, provided the base group is finite, the double of a semisimple crossed
Hopf group coalgebra is both modular and unimodular.
Contents
Introduction 1
1. T-coalgebras 3
2. T-algebras 5
3. The outer dual and the inner dual of a T-coalgebra 6
4. Quasitriangular T-coalgebras 7
5. The quantum double of a finite-type T-coalgebra 8
6. Ribbon T-coalgebras 15
7. The quantum double of a semisimple T-coalgebra 16
8. The ribbon extension of a quasitriangular T-coalgebra 18
References 21
Introduction
Recently, Turaev [19, 20] (see also Le and Turaev [8] and Virelizier [23]) gen-
eralized the notion of a TQFT and Reshetikhin-Turaev invariants to the case of
3-manifolds endowed with a homotopy classes of maps to K(π, 1), where π is a
group. One of the key points in [19] is the notion of a crossed Hopf π-coalge-
bra, here called a Turaev coalgebra or, briefly, a T-coalgebra (see Section 1). As
one can use categories of representations of modular Hopf algebras to construct
Reshetikhin-Turaev invariants of 3-manifolds, one can use categories of represen-
tations of modular T-coalgebras to construct homotopy invariants of maps from
3-manifolds to K(π, 1). Similarly, to construct Virelizier Hennings-like homotopy
invariants [23], we need a ribbon T-coalgebra H such that the neutral component
H1 is unimodular [15].
Roughly speaking, a T-coalgebra H is a family {Hα}α∈pi of algebras endowed
with a comultiplication ∆α,β : Hαβ → Hα⊗Hβ , a counit ε : k→ H1 (where 1 is the
neutral element of π), and an antipode sα : Hα → Hα−1 . It is also required that
H is endowed with a family of algebra isomorphisms ϕαβ = ϕβ : Hα → Hβαβ−1 , the
conjugation, compatible with the above structures and such that ϕβγ = ϕβ ◦ ϕγ .
When π = {1}, we recover the definition of a Hopf algebra. A T-coalgebra H is
of finite type when every Hα is finite-dimensional. H is totally-finite when the
direct sum
⊕
α∈piHα is finite-dimensional. A universal R-matrix and a twist
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for a T-coalgebra H are, respectively, families R =
{
ξ(α) ⊗ ζ(β) = Rα,β ∈ Hα ⊗
Hβ
}
α,β∈pi
and θ = {θα ∈ Hα}α∈pi satisfying axioms that explicitly involve the
conjugation (see, respectively, Sections 4 and 6). H is modular when it is ribbon
and its component H1 is modular (see Section 7). Properties of T-coalgebras are
studied in [22].
Starting from a finite-dimensional Hopf algebra H , Drinfeld [2] showed how to
obtain a quasitriangular Hopf algebra D(H), the quantum double of H, such that
the following conditions are satisfied (for details, see, e.g., [5]).
• There are embeddings of Hopf algebras i : H →֒ D(H) and j : H∗cop →֒
D(H).
• The linear map H ⊗H∗cop
i⊗j
−−→ D(H)⊗D(H)
µ
−→ D(H) is bijective, where
µ is the multiplication in D(H).
• The universal R-matrix of D(H) is the image of the canonical element of
H ⊗H∗cop under the embedding i⊗ j : H ⊗H∗cop →֒ D(H)⊗D(H).
In this paper we provide an analog of the quantum double for T-coalgebra H .
We start (Section 5, Theorem 5.1) with an abstract definition of D(H), as a solution
of a universal problem, analogous to the above definition of the standard quantum
double. The notion of a T-coalgebra in not self-dual, i.e., given a T-coalgebra
H = {Hα}α∈pi, the family H
∗
α = {H
∗
α}α∈pi does not have a natural structure of a
T-coalgebra. However, when H is of finite type, we introduce a T-coalgebra H∗tot,
the inner dual of H, that, in many aspects, in particular in the construction of
D(H), plays the role of a dual for H (see Section 3). The components of H∗tot are
all isomorphic as algebras. In particular, as a vector space, H∗totα =
⊕
β∈piH
∗
β for
any α ∈ π.
An explicit description of D(H) is given in Theorems 5.3 and 5.6. In particular,
every component Dα(H) of D(H) is, as a vector space, Hα−1 ⊗
⊕
β∈piH
∗
β . So, in
general, D(H) is of finite type if and only if H is totally-finite and, in that case,
D(H) is also totally-finite. The product in Dα(H) is obtained by setting
(1α−1 ⊛ f) (h⊛ ε) = h⊛ f and
(h⊛ ε) (1α−1 ⊛ f) = h
′′
(α−1) ⊛
〈
f, s−1γ (h
′′′
(γ−1)) ϕα(h
′
(α−1γα))
〉
.
for any f ∈
⊕
β∈piH
∗
β , and h ∈ Hα−1 . When π = {1}, we recover the standard
definition of the quantum double of a Hopf algebra. We will see that both the
product and the coproduct in D(H) explicitly depend on the conjugation ϕ of H .
The quantum doubleD(H) of a semisimple Hopf algebraH over a field of charac-
teristic 0 is both semisimple [7, 11] and modular [3]. Here we prove that the double
D(H) of a semisimple T-coalgebra H over a field of characteristic 0 is semisimple
if and only if H is totally-finite, and, in that case, D(H) is also modular (Theo-
rem 7.1). The key point in the proof is that, when H is totally finite, it gives rise to
a graded Hopf algebra Hpk =
⊕
α∈piHα, the packed form of H. The Hopf algebras
D(Hpk) and
(
D(H)
)
pk
are different, but it is always possible to embed D1(H) in
D(Hpk) as an algebra.
Last section is devoted to the generalization of the Reshetikhin-Turaev ribbon
construction. Given a quasitriangular Hopf algebraH , Reshetikhin and Turaev [13]
embedded it into a ribbon Hopf algebra RT(H) that is a quotient of the polynomial
algebra H [θ]. Starting from a quasitriangular T-coalgebra H (not necessarily of
finite type), we construct a ribbon T-coalgebra RT(H) such that, when π = {1},
we recover the Reshetikhin-Turaev construction for Hopf algebras. As a corollary,
for any T-coalgebra H of finite type (but not necessarily totally-finite), we obtain
a ribbon T-coalgebra RT
(
D(H)
)
.
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The quantum double and the ribbon extension have categorical counterparts [4,
6, 16]. In [27], we provide a generalization of these constructions. In particular, the
generalization of the center construction (corresponding to the quantum double in
the algebraic case) looks very natural and as the simplest way to adapt the standard
construction to the crossed case. Both the definition of D(H) and the definition of
RT (H) introduced here are coherent to the categorical constructions as we briefly
explain. In the standard case, starting from a tensor category C, we obtain a braided
tensor category Z(C) via the center construction [4]. Now, take C = Rep(H), the
category of representations of a finite-dimensional Hopf algebra H . Both Z(C) and
Rep
(
D(H)
)
are canonically isomorphic to the category of Yetter-Drinfeld modules
over H (see [10, 24]). The corresponding result is still true when we consider a
T-coalgebra H instead of an Hopf algebra, that is, also in the crossed case, we have
a commutative diagram
Rep(H)
Z
Z
(
Rep(H)
)
YD (H) Rep
(
D(H)
)
H
Rep
D
D(H)
Rep
(where, of course, we also need to generalize the notions of a tensor category and of
a Yetter-Drinfeld module). Similar results are obtained for the ribbon construction.
Acknowledgments. The author wants to thank his adviser V. Turaev for his
stimulating and constructive direction in the research. The author also wants to
thank A. Bruguie`res, B. Enriquez, Ch. Kassel, H.J. Schneider, L. Vainerman, and
A. Virelizier for their useful remarks.
The author was partially supported by the INdAM, Istituto Nazionale di
Alta Matematica, Rome.
1. T-coalgebras
We recall the notion of a T-coalgebra as in [20]. T-coalgebras are a generalization
of standard notion Hopf algebras (for a general reference to Hopf algebras, see [17, 1]
or, for a modern introduction, [15]). A generalization of the Heynemann-Sweedler
notation [17] is also provided. At the end of this section, we study some properties
of the antipode of a T-coalgebra.
Basic definitions. Let k be a commutative field and let π be a group. A T-coal-
gebra H (over π and k) is given by the following data.
• For any α ∈ π, an associative k-algebra Hα, called the α-th component
of H. The multiplication is denoted µα : Hα ⊗Hα → Hα and the unit is
denoted ηα : k→ Hα, with 1α = ηα(1).
• A family of algebra morphisms ∆ =
{
∆α,β : Hαβ → Hα⊗Hβ
}
α,β∈pi
, called
comultiplication, that is coassociative in the sense that, for any α, β, γ ∈ π,
we have (Hα ⊗∆β,γ) ◦∆α,βγ = (∆α,β ⊗Hγ) ◦∆αβ,γ .
• An algebra morphism ε : H1 → k, called counit, such that, for any α ∈ π,
we have (ε⊗Hα) ◦∆1,α = Id and (Hα ⊗ ε) ◦∆α,1 = Id.
• A set of algebra isomorphisms ϕ =
{
ϕαβ : Hα → Hβαβ−1
}
α,β∈pi
called con-
jugation. When not strictly necessary, the upper index will be omitted. We
require that ϕ satisfies the following conditions.
– ϕ is multiplicative, i.e., ϕβ ◦ϕγ = ϕβγ , for any β, γ ∈ π. It follows that
ϕα1 = Id, for any α ∈ π.
– ϕ is compatible with ∆, i.e, ∆γαγ−1,γβγ−1 ◦ ϕγ = (ϕγ ⊗ ϕγ) ◦∆α,β, for
any α, β, γ ∈ π.
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– ϕ is compatible with ε, i.e., ε ◦ ϕγ = ε for any γ ∈ π.
• Finally, a set of k-linear morphisms s = {sα : Hα → Hα−1}α∈pi, the an-
tipode, such that, for any α ∈ π,
(1) µα ◦ (sα−1 ⊗Hα) ◦∆α−1,α = ηα ◦ ε = µα ◦ (Hα ⊗ sα−1) ◦∆α,α−1 .
(The compatibility of the antipode with the conjugation isomorphisms is a con-
sequence of the axioms.) In [20], a T-coalgebra is called a crossed group Hopf
coalgebra.
We say that H is of finite-type when any component Hα (with α ∈ π) is a finite-
dimensional k-vector space. We say that H is totally-finite when dimk
⊕
α∈piHα <
∞, i.e., when H is of finite-type and almost all the Hα are zero. It was proved
in [22] that the antipode of a finite-type T-coalgebra is always bijective.
We observe that the component H1 of a T-coalgebra H is a Hopf algebra in the
usual sense. We also observe that, for π = {1}, we recover the usual notion of a
Hopf algebra.
Example 1.1 (TH-coalgebras). Let H1 be a Hopf algebra, with comultiplication
∆1, counit ε1, and antipode s1, endowed with a group morphism
ϕ1 : π → Aut(H1) : α 7→ ϕ
1
α,
where Aut(H1) is the group of Hopf algebra automorphisms of H1. We obtain a
T-coalgebra H by setting (for any α, β ∈ π) Hα = H1 as algebra, ∆α,β = ∆1,
ε = ε1, sα = s1, and ϕ
α
β = ϕ
1
β : Hα → Hβαβ−1 . The T-coalgebra H is called the
TH-coalgebra based on H1 (the H stand for Hopf, since H is also an Hopf algebra).
Coopposite T-coalgebra. LetH be a T-coalgebra with invertible antipode. The
coopposite T-coalgebra Hcop is the T-coalgebra defined as follows.
• For any α ∈ π, we set Hcopα = Hα−1 as an algebra.
• The comultiplication ∆cop is obtained by setting, for any α, β ∈ π,
∆copα,β =
(
Hcopαβ = Hβ−1α−1
∆
β−1,α−1
−−−−−−→ Hβ−1⊗Hα−1
σ
−→ Hα−1⊗Hβ−1 = H
cop
α ⊗H
cop
β
)
.
∆cop has a counit εcop = ε.
• The antipode scop is obtained by setting scopα = s
−1
α : , for any α ∈ π.
• The conjugation ϕcop is obtained by setting ϕcopβ = ϕβ , for any β ∈ π.
In particular, when H is a TH-coalgebra, Hcop is the TH-coalgebra based on Hcop1 .
Heynemann-Sweedler notation. The coassociativity of H allows us to intro-
duce an analog of the Heynemann-Sweedler notation, see [17]. Given α1, . . . , αn ∈ π
and defining
∆α1,α2,...,αn =
(
Hα1α2···αn
∆α1,α2···αn−−−−−−−−→ Hα1 ⊗Hα2···αn
H1⊗∆α2,α3···αn−−−−−−−−−−−→
H1 ⊗H2 ⊗Hα3···αn → · · · → Hα1 ⊗Hα2 ⊗ · · · ⊗Hαn
)
,
for any h ∈ Hα1α2···αn we set
h′(α1) ⊗ h
′′
(α2)
⊗ · · · ⊗ h′n(αn) = ∆α1,α2,...,αn(h).
Let M be a vector space over k and suppose that f : Hα1 ×Hα2 × · · · ×Hαn →M
is a k-multilinear map. Let fˆ denote the linear map Hα1 ⊗Hα2 ⊗ · · · ⊗Hαn →M
induced by f . We introduce the notation
f
(
h′(α1), h
′′
(α1)
, · · · , h′n(αn)
)
= fˆ
(
∆α1,α2,...,αn(h)
)
.
For simplicity, we also suppress the subscript (αi) when αi = 1.
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Properties of the antipode. Let H be a T-coalgebra and let A be an algebra
with multiplication µA and unit ηA. We define a convolution algebra Conv(H,A)
(see [22]) in the following way. As a vector space, Conv(H,A) =
⊕
β∈pi Homk(Hβ , A).
The multiplication in Conv(H,A) is obtained by setting, for any β1, β2 ∈ π,
f1 ∈ Homk(Hβ1 , A), f2 ∈ Homk(Hβ2 , A), and h ∈ Hβ1β2 ,
(f1 ∗ f2)(h) = f1
(
h′(β1)
)
f2
(
h′′(β2)
)
.
With this multiplication, Conv(H,A) becomes an associative algebra.
For any α ∈ π, we introduce the notation Convα(H) = Conv(H,Hα). It is
clear that (1) is equivalent to say that sα−1 is a two-sided inverse of the identity
morphism of Hα in the convolution algebra Convα(H). Thus, we can reformulate
the axiom for the antipode of H by requiring that, for any α ∈ π, the identity
morphism of Hα is invertible in Convα(H). This also proves that the antipode of
a T-coalgebra is unique.
Lemma 1.2. Let H be a T-coalgebra. The antipode s of H is both antimultiplicative
and anticomultiplicative, i.e.,
(2) sα(hk) = sα(k)sα(h)
for any α ∈ π, h, k ∈ Hα, and
(3) sα
(
h′(α)
)
⊗ sα
(
h′′(β)
)
=
(
sαβ(h)
)′′
(α−1)
⊗
(
sαβ(h)
)′
(β−1)
for any h ∈ Hαβ.
The proof can be obtained as in the standard case (i.e., for π = {1}).
2. T-algebras
When we dualize the axioms of a T-coalgebra, we obtain the notion of a T-alge-
bra. A T-algebra H can be equivalently described as a Hopf algebra endowed with
a family of automorphisms, the packed form of H. In this section, we present both
approaches.
Basic definitions. A T-algebra H is a family
{
(Hα,∆α, ηα)
}
α∈pi
of k-coalgebras,
endowed with the following data.
• A family of coalgebra morphisms µ = {µα,β : Hα⊗Hβ → Hαβ}α,β∈pi, called
multiplication, that is associative, in the sense that, for any α, β, γ ∈ π,
(4) µαβ,γ ◦ (µα,β ⊗Hγ) = µα,βγ ◦ (Hα ⊗ µβ,γ).
Given h ∈ Hα and k ∈ Hβ, with α, β ∈ π, we set hk = µα,β(h, k). With
this notation, (4) can be simply rewritten as (hk)l = h(kl) for any h ∈ Hα,
k ∈ Hβ , l ∈ Hγ and α, β, γ ∈ π.
• An algebra morphism η : k→ H1, called unit, such that, if we set 1 = η(1k),
then, for any h ∈ Hα (with α ∈ π), we have 1h = h = h1.
• A set of coalgebra isomorphism ψ =
{
ψαβ : Hα → Hβαβ−1
}
α,β∈pi
, called
conjugation. Also in this case, when not strictly necessary, the upper index
will be omitted. We require that ψ satisfies the following conditions.
– ψ is multiplicative, i.e., for any α, β, and γ ∈ π, we have ψβ ◦ψγ = ψβγ .
It follows that, for any α ∈ π, we have ψα1 = Id.
– ψ is compatible with µ, i.e, for any β ∈ π, we have ψβ(hk) = ψβ(h)ψβ(k).
– ψ is compatible with η, i.e., for any β ∈ π, we have ψβ(1) = 1.
• Finally, a set of linear isomorphisms S = {Sα : Hα → Hα−1}α∈pi, the an-
tipode, such that, for any α ∈ π, we have µα−1,α ◦(Sα⊗Hα)◦∆α = η◦εα =
µα,α−1 ◦ (Hα ⊗ Sα) ◦∆α.
For any α ∈ π, the coalgebra Hα is called the α-th component of H.
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Packed form of a T-algebra. Let H be a T-algebra. We define a Hopf algebra
Hpk, that we call the packed form of H, as follows. As a coalgebra, Hpk is the direct
sum of the components of H . For any α ∈ π, we denote by iα the inclusion of Hα in
Hpk. The multiplication µpk of Hpk is the colimit, in the category of vector spaces,
lim
−→α,β∈pi
(iαβ ◦ µα,β), i.e., the only k-linear map from Hpk ⊗Hpk to Hpk such that
the restriction on Hα ⊗Hβ ⊂ Hpk ⊗Hpk coincides with µα,β,
Hα ⊗Hβ
µα,β
⊕
γ,δ∈pi
(Hγ ⊗Hδ) =
(⊕
γ∈pi
Hγ
)
⊗
(⊕
δ∈pi
Hδ
)
= Hpk ⊗Hpk
µpk
Hαβ Hpk
.
The unit ηpk of Hpk is given by i1 ◦ ηH , i.e., 1pk = 1 ∈ H1 ⊂ Hpk. Finally,
the antipode Spk of Hpk is given by the sum
∑
α∈pi Sα. The Hopf algebra Hpk is
endowed with a group morphism ψ : π → Aut(Hpk) : α 7→ ψpk,α, where ψpk,α =∑
β∈pi ψ
β
α :
⊕
β∈piHβ 7−→
⊕
β∈piHβ .
Conversely, let Htot be a Hopf algebra with multiplication µtot, unit 1, and
antipode Stot, endowed with a group homomorphism ϕtot : π → Aut(Htot) : α 7→
ϕtot,α. Suppose that the following conditions are satisfied.
• There exists a family of sub-coalgebras {Hα}α∈pi of Htot such that Htot =⊕
α∈piHα.
• Hα ·Hβ ⊂ Hαβ for any α, β ∈ π.
• 1 ∈ H1.
• For any α, β ∈ π, ϕtot,β sends Hα ⊂ Htot to Hβαβ−1 ⊂ Htot.
• For any α ∈ π, we have Stot(Hα) = Hα−1
Then, we obtain, in the obvious way, a T-algebra H such that Hpk = Htot.
3. The outer dual and the inner dual of a T-coalgebra
We study how to provide a convenient notion of a dual for a finite-type T-coalge-
bra H . The easiest way is to define a T-algebra H∗, the outer dual of H. However,
for many purposes, in particular in the construction of the quantum double of H ,
it is convenient to introduce a TH-coalgebra H∗tot based on the packed form H∗pk
of H∗, the inner dual of H.
The outer dual. Let H be a finite-type T-coalgebra. The outer dual of H is the
T-algebra H∗ defined as follows. For any α ∈ π, the α-th component of H∗ is the
dual coalgebra H∗α of the algebra Hα. The multiplication of H
∗ is given by
(5)
〈
µα,β(f, g), h
〉
= 〈f ⊗ g,∆α,β(h)〉
for any f ∈ H∗α, g ∈ H
∗
β and h ∈ Hαβ , with α, β ∈ π. The unit of H
∗ is given by
ε ∈ H∗1 ⊂ H
∗. The antipode S∗ ofH∗ is given by S∗α = s
∗
α−1
, for any α ∈ π. Finally,
for any β ∈ π, the conjugation isomorphism ψ∗β of H
∗ is given by ψ∗β = ϕ
∗
β−1
.
The inner dual. Since (H∗)pk is a Hopf algebra endowed with a group homo-
morphism ψ(H∗)pk : π → Aut
(
(H∗)pk
)
, we can construct the TH-coalgebra based
on (H∗)pk. We call this TH-coalgebra the inner dual of H and we denote it H
∗tot.
Explicitly, H∗tot1 = (H
∗)pk is obtained as follows.
• As a coalgebra, H∗tot1 =
⊕
α∈piH
∗
α.
• The multiplication is obtained by (5), extending by linearity. The unit is
given by ε∗tot = ε ∈ H∗1 ⊂
⊕
α∈piH
∗
α.
• The antipode is given by s∗tot1 =
∑
α∈pi S
∗
α =
∑
α∈pi s
∗
α−1
.
• Finally, ψH∗
pk
,β =
∑
β∈pi ϕ
∗
β−1
.
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The coopposite inner dual. Given any T-coalgebra H , then
(
(H∗)pk
)cop
is the
Hopf algebra obtained from (H∗)pk by replacing its comultiplication with the new
one ∆∗ = ∆
∗tot,cop given by
(6)
〈
∆∗(f), h⊗ k
〉
= 〈f, kh〉
for any f ∈ H∗α ⊂
⊕
β∈piH
∗
β and h, k ∈ Hα, with α ∈ π. We also need to replace
the antipode with the new one given by s∗ = S
∗,cop = (S∗)−1. In particular, we
have
〈
s∗(f), h
〉
=
〈
f, s−1α (h)
〉
, for any f ∈ H∗α and h ∈ Hα−1 , with α ∈ π. The
TH-coalgebra based on
(
(H∗)pk
)cop
is called the coopposite inner dual of H and is
denoted H∗tot,cop. Notice that ϕH∗tot,cop,α = ϕH∗tot,α =
∑
β∈pi ϕ
∗
β−1 , for any α ∈ π.
4. Quasitriangular T-coalgebras
The notion of a quasitriangular Hopf algebra [2] is generalized to the case of a
T-coalgebra in [20]. A quasitriangular T-coalgebras is a T-coalgebra H endowed
with a family R = {Rα,β = ξ(α).i ⊗ ζ(β).i ∈ Hα ⊗ Hβ}α,β∈pi, called universal
R-matrix, such that Rα,β is invertible for any α, β ∈ π and the following conditions
are satisfied.
• For any α, β ∈ π and h ∈ Hαβ ,
(7a) Rα,β∆α,β(h) =
(
σ ◦ (ϕα−1 ⊗Hα) ◦∆αβα−1,α
)
(h)Rα,β .
• For any α, β, γ ∈ π,
(7b) (Hα ⊗∆β,γ)(Rα,βγ) = (Rα,γ)1β3(Rα,β)12γ ,
where, given two vector spaces P and Q over k, for any x = pi⊗ qi ∈ P ⊗Q
we set x1β3 = pi ⊗ 1β ⊗ qi, and x12γ = pi ⊗ qi ⊗ 1γ .
• For any α, β, γ ∈ π,
(7c) (∆α,β ⊗Hγ)(Rαβ,γ) =
(
(ϕβ ⊗Hγ)(Rβ−1αβ,γ)
)
1β3
(Rβ,γ)α23,
where, given two vector spaces P and Q, for any x = pi ⊗ qi ∈ P ⊗ Q we
set xα23 = 1α ⊗ pi ⊗ qi.
• R is compatible with ϕ, in the sense that, for any α, β, γ ∈ π, we have
(7d) (ϕα ⊗ ϕα)(Rβ,γ) = Rαβα−1,αγα−1 .
Notice that (H1, R1,1) is a quasitriangular Hopf algebra in the usual sense.
For any α, β ∈ π, we introduce the notation ξ˜(α).i ⊗ ζ˜(β).i = R˜α,β = (R
−1)α,β .
Remark 4.1 (Yang-Baxter equation). It is proved in [20] that, for any α, β, γ ∈ π
we have
(8) (Rβ,γ)α23(Rα,γ)1β3(Rα,β)12γ
= (Rα,β)12γ
(
(Hα ⊗ ϕβ−1)(Rα,βγβ−1)
)
1β3
(Rβ,γ)α23.
This is an analog of the standard Yang-Baxter equation (see, e.g., [5]).
The mirror T-coalgebra. Let H = (H,R) be a quasitriangular Hopf algebra
(with R = ξi⊗ ζi and R
−1 = R˜ = ξ˜i⊗ ζ˜i). By replacing R with R = σ(R˜) = ζ˜i⊗ ξ˜i,
we obtain another quasitriangular structure H = (H,R). This means that, in the
category of representations of H , we replace the braiding cR provided by R by
the braiding c−1R provided by R. When H is a T-coalgebra, the family {R
−1
α,β =
ζ˜α.i ⊗ ξ˜β.i}α,β∈pi is not a universal R-matrix for H . Nevertheless, it is still possible
to generalize the definition of H in the following way [20].
Let H be a T-coalgebra. The T-coalgebra H, called the mirror of H [20], is
defined as follows.
• For any α ∈ π, we set Hα = Hα−1 .
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• For any α, β ∈ π, the component ∆α,β of the comultiplication ∆ of H is
given by
(9) ∆α,β(h) =
(
(ϕβ ⊗Hβ−1) ◦∆β−1αβ,β−1
)
(h) ∈ Hα−1 ⊗Hβ−1 = Hα ⊗Hβ ,
for any h ∈ Hβ−1α−1 = Hαβ . If we set h
′
(α)
⊗ h′′
(β)
= ∆α,β(h), then (9) can
be written in the form h′
(α)
⊗ h′′
(β)
= ϕβ(h
′
(β−1α−1β)) ⊗ h
′′
(β−1). The counit
of H is given by ε ∈ H∗1 = H
∗
1.
• For any α ∈ π, the α-th component of the antipode s of H is given by
sα = ϕα ◦ sα−1 .
• Finally, for any α ∈ π, we set ϕα = ϕα.
If H is quasitriangular, then H is also quasitriangular with universal R-matrix
R given by
(10) Rα,β =
(
σ(Rβ−1,α−1)
)−1
∈ Hα−1 ⊗Hβ−1 = Hα ⊗Hβ
for any α, β ∈ π.
If, for any α, β ∈ π, we introduce the notation ξ(α).i⊗ ζ(β).i = Rα,β , then we can
write (10) in the form ξ(α).i ⊗ ζ(β).i = ζ˜(α−1).i ⊗ ξ˜(β−1).i.
Notice that H = H . Notice also that, due to the definition of ∆, the mirror of
a TH-coalgebra is not, in general, a TH-coalgebra. In particular, the mirror of the
inner dual of a finite-type T-coalgebra is not a TH-coalgebra.
5. The quantum double of a finite-type T-coalgebra
Theorem 5.1. Let H be a finite-type T-coalgebra. There exists a unique quasi-
triangular T-coalgebra D(H), the quantum double of H , such that the following
conditions are satisfied.
• The T-coalgebras H and H∗tot,cop can be embedded into D(H), i.e, there
are two morphisms of T-coalgebras i : H → D(H) and j : H∗tot,cop → D(H)
such that iα and jα are injective for any α ∈ π.
• For any α ∈ π, the linear map
(11) pα =
(
H
∗tot,cop
1 ⊗Hα
jα⊗iα
−−−−→ Dα(H)⊗Dα(H)
µα
−−→ Dα(H)
)
is bijective (where Dα(H) is the α-th component of D(H) and µα is the
multiplication in Dα(H)).
• For any α, β ∈ π, the component Rα,β of the R-matrix R of D(H) is the
image of the canonical element of Hα−1 ⊗ H
∗tot,cop
1 under the embedding
jα ⊗ iβ : H
∗tot,cop
1 ⊗Hα−1 →֒ Dα(H)⊗Dβ(H).
To prove Theorem 5.1, firstly construct a quasitriangular T-coalgebra D(H).
Then, we will see that D(H) is a solution of the above universal problem.
Remark 5.2. Notice that, when π = {1}, both D(H) and D(H) coincide with the
standard definition of the quantum double of H . The reason of the convention
that takes the mirror of H in the above description is that we want to be coherent
with the conventions in [6]. However, often in the standard case p1 is defined as
µ1 ◦ (i1 ⊗ j1), reversing the position of i1 and j1. Moreover, some authors identify
D1(H) with the vector space H
∗
1 ⊗H . However, since on that point it seems there
is no standard convention, here we also follows the notations in [6], apart for the
detail that we reversed the order of the factors in the tensor product.
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Construction of D(H). Let H be a finite-type T-coalgebra. We realize D(H)
as follows.
• For any α ∈ π, the α-th component of D(H), denoted Dα(H), is, as a
vector space,
Hα−1 ⊗H
∗tot,cop
α = Hα−1 ⊗H
∗tot,cop
1 = Hα ⊗
⊕
β∈pi
H∗β .
The multiplication in Dα(H) is not obtained by tensor product of alge-
bras of Hα−1 and H
∗tot,cop.In the sequel, given h ∈ Hα−1 and F ∈ H
∗tot,cop
α ,
the element in D(H) corresponding to h⊗F in D(H) will be denoted h⊛F .
In view of the role played by H∗tot,cop in the construction of the quan-
tum double, the Heynemann-Sweedler notation will be reserved for the
comultiplication of H∗tot,cop, not of H∗tot, i.e., given F ∈
∑
α∈piH
∗
α, we set
F ′ ⊗ F ′′ = ∆∗(F ).
Let f be in H∗α and let h and k be in Hα, with α ∈ π. By 〈f, h k〉 we
denote the linear functional on Hα that evaluated at x ∈ Hα gives 〈f, hxk〉.
Dα(H) is an algebra under the multiplication obtained by setting, for any
h, k ∈ Hα−1 , f ∈ H
∗
γ , and g ∈ H
∗
δ , with γ, δ ∈ π,
(12) (h⊛ f) (k ⊛ g) = h′′(α−1)k ⊛ f
〈
g, s−1δ
(
h′′′(δ−1)
)
ϕα
(
h′(α−1δα)
)〉
.
The unit of Dα(H) is given by 1α−1 ⊛ ε. It follows that the canonical
embeddings Hα−1 , H
∗tot,cop
α →֒ Dα(H) are algebra morphisms and that, for
any h ∈ Hα−1 and f ∈ H
∗
γ , we have
(1α−1 ⊛ f) (h⊛ ε) = h⊛ f and(13a)
(h⊛ ε) (1α−1 ⊛ f) = h
′′
(α−1) ⊛
〈
f, s−1γ (h
′′′
(γ−1)) ϕα(h
′
(α−1γα))
〉
.(13b)
• The comultiplication is given by
(14) ∆α,β(h⊛ F ) =
(
ϕβ
(
h′(β−1α−1β)
)
⊛ F ′
)
⊗
(
h′′(β−1) ⊛ F
′′
)
,
for any α, β ∈ π, h ∈ Hαβ = Hβ−1α−1 , and F ∈ H
∗tot,cop
αβ (We recall that
F ′ ⊗ F ′′ = ∆∗(F ), see (6)). The counit is obtained by setting 〈ε, h⊛ f〉 =
〈ε, h〉 〈f, 1γ〉, for any h ∈ H1 and f ∈ H
∗
γ , with γ ∈ π.
• For any α ∈ π, the α-th component of the antipode of D(H) is given by
(15) sα(h⊛ F ) =
(
sα(h)⊛ ε
) (
1⊛ s∗(F )
)
=
(
(ϕα ◦ sα−1)(h)⊛ ε
) (
1α ⊛ s∗(F )
)
,
for any h ∈ Hα = Hα−1 and F ∈ H
∗tot,cop
α , where s∗ is the antipode of
H∗tot,cop and sα = ϕα ◦ sα−1 is the antipode of H .
• Finally, for any α ∈ π, we set
(16) ϕβ(h⊛ f) = ϕβ(h)⊛ ϕH∗tot,cop,β(f) = ϕβ(h)⊛ ϕ
∗
β−1(f),
for any h ∈ Hα−1 and f ∈ H
∗tot,cop
γ , with γ ∈ π.
Theorem 5.3. D(H) is a T-coalgebra. Moreover, the multiplication in D(H) is
uniquely defined by (13) and the condition that the embeddings H,H∗tot,cop →֒ D(H)
are T-coalgebra morphisms.
Proof. Firstly, for any α ∈ π, we will show that Dα(H) is an associative algebra
with unit. Then we will show that ∆, defined as above, is multiplicative, i.e., that
any ∆α,β is an algebra morphism. After that, we will show that ε is an algebra
morphism. Finally, we will check axioms for the antipode and that the conjugation
isomorphisms are compatible with the multiplication.
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Associativity. Let α be in π. The multiplication defined in (12) is associative
if and only if, for any h, k, l ∈ Hα−1 , p ∈ H
∗
β , q ∈ H
∗
γ , and r ∈ H
∗
δ , with β, γ, δ ∈ π,
(17)
(
(h⊛ p)(k ⊛ q)
)
(l ⊛ r) = (h⊛ p)
(
(k ⊛ q)(l ⊛ r)
)
By computing the left-hand side of (17), we obtain(
(h⊛ p)(k ⊛ q)
)
(l ⊛ r) = h′′′(α−1)k
′′
(α−1)l ⊛ p
〈
q, s−1γ
(
h′′′′′(γ−1)
)
ϕα
(
h′(α−1γα)
)〉
〈
r, s−1δ
(
h′′′′(δ−1)k
′′′
(δ−1)
)
ϕα
(
h′′(α−1δα)k
′
(α−1δα)
)〉
(by the antimultiplicativity of s and the multiplicativity of ϕ)
= h′′′(α−1)k
′′
(α−1)l ⊛ p
〈
q, s−1γ
(
h′′′′′(γ−1)
)
ϕα
(
h′(α−1γα)
)〉
〈
r, s−1δ
(
k′′′(δ−1)
)
s−1δ
(
h′′′′(δ−1)
)
ϕα
(
h′′(α−1δα)
)
ϕα
(
k′(α−1δα)
)〉
,
while, by computing the right-hand side, we obtain
(h⊛ p)
((
k ⊛ q)(l ⊛ r)
)
= h′′(α−1)k
′′
(α−1)l ⊛ p
〈
q
〈
r, s−1δ
(
k′′′(δ−1)
)
ϕα
(
k′(α−1δα)
)〉
,
s−1γδ
(
h′′′(δ−1γ−1)
)
ϕα
(
h′(α−1γδα)
)〉
(by the anticomultiplicativity of s and the comultiplicativity of ϕ)
= h′′′(α−1)k
′′
(α−1)l ⊛ p
〈
q, s−1γ
(
h′′′′′(γ−1)
)
ϕα
(
h′(α−1γα)
)〉
〈
r, s−1δ
(
k′′′(δ−1)
)
s−1δ
(
h′′′′(δ−1)
)
ϕα
(
h′′(α−1δα)
)
ϕα
(
k′(α−1δα)
)〉
.
Unit. Let α be in π. For any h ∈ Hα−1 and f ∈ H
∗
γ , with γ ∈ π, we have
(1α−1 ⊛ ε) (h⊛ f) = 1α−1h⊛ εf = h⊛ f
and
(h⊛ f) (1α ⊛ ε) = h
′′
(α−1)1α−1 ⊛ fε
〈
ε, s−11 (h
′′′)
〉〈
ε, ϕα(h
′)
〉
= h⊛ f ,
where the fact that both s1 and ϕα commute with ε.
Multiplicativity of ∆. Let us prove that ∆α,β is an algebra morphism for
any α, β ∈ π. Since ∆α,β obviously preserves the unit, we only need to prove that,
for any h, k ∈ Hβ−1α−1 , f ∈ H
∗
γ and g ∈ H
∗
δ , with γ, δ ∈ π, we have
(18) ∆α,β
(
(h⊛ f)(k ⊛ g)
)
= ∆α,β(h⊛ f)∆α,β(k ⊛ g).
This is proved by evaluating both terms in (18) against the general term p⊗x⊗q⊗y
(p ∈ H∗
α−1
, q ∈ H∗
β−1
, and x, y ∈ Hγδ).
Multiplicativity of ε. For any h, k ∈ H1, f ∈ H
∗
γ , and g ∈ H
∗
δ , with γ, δ ∈ π,
we have
〈ε, h⊛ f〉 〈ε, k ⊛ f〉 = 〈ε, h〉 〈f, 1γ〉 〈ε, k〉 〈f, 1δ〉
and 〈
ε, (h⊛ f)(k ⊛ g)
〉
=
〈
ε, h′′k ⊛ f
〈
g, s−1δ (h
′′′
(δ−1)) h
′
(δ)
〉〉
= 〈ε, h′′〉 〈ε, k〉
〈
f, 1γ
〉 〈
g, s−1(δ)(h
′′′
(δ−1))h
′
(δ)
〉
= 〈ε, k〉
〈
f, 1γ
〉 〈
g, s−1δ (h
′′
(δ−1))h
′
(δ)
〉
= 〈ε, k〉
〈
f, 1γ
〉 〈
g, 〈ε, h〉1δ
〉
= 〈ε, h〉 〈f, 1γ〉 〈ε, k〉 〈g, 1δ〉.
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This proves that ε is multiplicative. Moreover, since ε is obviously unitary, it is an
algebra homomorphism.
Antipode. Let h be in H1 and let f be in H
∗
γ , with γ ∈ π. We have(
h⊛f
)′
(α)
sα−1
(
(h⊛ f)′′(α−1)
)
=
(
ϕα−1(h
′
(α−1))⊛ f
′
)(
(ϕα−1 ◦ sα)(h
′′
(α))⊛ ε
)(
1α−1 ⊛ s∗(f
′′)
)
=
(
ϕα−1
(
h′(α−1)sα(h
′′
(α))
)
⊛ f ′
)(
1α−1 ⊛ s∗(f
′′)
)
= 〈ε, h〉
(
1α−1 ⊛ f
′
)(
1⊛ s∗(f
′′)
)
= 〈ε, h〉1⊛ f ′s∗(f
′′)
= 〈ε, h〉〈f, 1γ〉1α−1 ⊛ ε = 〈ε, h⊛ f〉1α−1 ⊛ ε
and
sα−1
(
(h⊛ f)′(α−1)
)(
h⊛ f
)′′
(α)
= sα−1
(
ϕα(h
′
(α))⊛ f
′
)(
h′′(α−1) ⊛ f
′′
)
=
(
sα(h
′
α)⊛ ε
)(
1α ⊛ s∗(f
′)
)(
h′′(α−1) ⊛ f
′′
)
= 〈f, 1γ〉
(
sα(h
′
(α))⊛ ε
)(
h′′(α−1) ⊛ ε
)
= 〈f, 1γ〉sα(h
′′
(α))h
′′′′
(α−1) ⊛ 〈ε, h
′〉〈ε, h′′〉ε
= 〈ε, h〉〈f, 1γ〉1α ⊛ ε = 〈ε, h⊛ f〉1α ⊛ ε.
Conjugation. Let us check that ϕαβ is an algebra isomorphism for any α, β ∈ π.
Since ϕαβ is obviously bijective and preserve the unit, we only need to show that it
is compatible with the multiplication, i.e., that, for any h, k ∈ Hα−1 , f ∈ H
∗
γ , and
g ∈ H∗δ , with γ, δ ∈ π, we have
(19) ϕβ(h⊛ f)ϕβ(k ⊛ g) = ϕβ
(
(h⊛ f)(k ⊛ g)
)
.
This is proved by evaluating both sides in (19) against the general term p ⊗ x
(x ∈ Hβγδβ−1 and p ∈ H
∗
βα−1β−1
).
This concludes the proof that D(H) is a T-coalgebra.
Embeddings. It only remains to show that (13), together with the request
that the canonical embeddings H,H∗tot,cop →֒ D(H) are T-coalgebra morphisms,
uniquely determinates the multiplication in D(H). Let α be in π. For any h, k ∈
Hα−1 , f ∈ H
∗
γ and g ∈ H
∗
δ we have
(h⊛f) (k ⊛ g) =
(by (13a))
= (1α−1 ⊛ f) (h⊛ ε) (1α−1 ⊛ g) (k ⊛ ε)
(by (13b))
= (1α−1 ⊛ f)
(
h′′(α−1) ⊛
〈
g, s−1δ (h
′′′
(δ−1)) ϕα(h
′
(α−1δα))
〉)
(k ⊛ ε)
(by (13a))
= (1α−1 ⊛ f)
(
1α−1 ⊛
〈
g, s−1δ (h
′′′
(δ−1)) ϕα(h
′
(α−1δα))
〉)
(h′′(α−1) ⊛ ε) (k ⊛ ε)
(since the canonical embedding of both Hα−1 and H
∗tot,cop
α in Dα(H) are algebra
morphisms)
=
(
1α−1 ⊛ f
〈
g, s−1δ (h
′′′
(δ−1)) ϕα(h
′
(α−1δα))
〉)
(h′′(α−1)k ⊛ ε)
(again by (13a))
= h′′(α−1)k ⊛ f
〈
g, s−1δ
(
h′′′(δ−1)
)
ϕα
(
h′(α−1δα)
)〉
.
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This concludes the proof of the theorem.
Coassociativity, compatibility between the comultiplication and the counit, com-
patibility between the comultiplication and the conjugation, and, finally, the fact
that ϕ is a group homomorphism follow by observing that D(H) has the same
comultiplication, counit, and The omitted computations are the same needed con-
jugation of the tensor product of T-coalgebras H ⊗H∗tot,cop. 
Quasitriangular structure of the quantum double. To prove that D(H)
is quasitriangular, we need some preliminary results. For any α ∈ π, we set nα =
dimHα. Let (eα.i)i=1,...,nα be a basis of Hα as a vector space and let (e
α.i)i=1,...,nα
be the dual basis of (eα.i)i=1,...,nα . We set
(20) Rα,β = eα−1.i ⊛ ε⊗ 1β−1 ⊛ e
α−1.i ∈ Dα(H)⊗Dβ(H)
and R˜α,β = sα(eα.i)⊛ ε⊗ 1β−1 ⊛ e
α.i.
Lemma 5.4. For any α, β ∈ π, both Rα,β and R˜α,β are independent of the choice
of the bases. Moreover, R˜α,β is the inverse of Rα,β in the algebra Dα(H)⊗Dβ(H).
Proof. Let Cα,β(H) be the subspace of Dα(H)⊗Dβ(H) generated by the elements
h⊛ ε⊗ 1β−1⊛F with h ∈ Hα−1 and F ∈ H
∗tot,cop
α . Clearly, Cα,β(H) is a subalgebra
of Dα(H)⊗Dβ(H). Moreover, we have an equivalence of algebras Convα−1(H)→
Cα,β(H) : h ⊗ F 7→ (h ⊛ ε) ⊗ (1β−1 ⊛ F ), for any h ∈ Hα−1 and F ∈ H
∗tot,cop
α .
In particular, Rα,β is the image of the identity morphism eα−1.i ⊗ e
α−1.i of Hα−1
under this isomorphism. Since the α-th component of the antipode s of H is the
inverse, in the algebra Convα−1(H), of eα−1.i⊗ e
α−1.i, also Rα,β is invertible. Since
sα can be represented as s(eα.i)⊗ e
α.i and R˜α,β is the image of sα under the above
isomorphism, we conclude that R˜α,β is the inverse of Rα,β . 
Remark 5.5. Let h be in Hα, with α ∈ π, and suppose α1α2 · · ·αn = α for certain
α1, α2 . . . , αn ∈ π. By observing that h = h
ieα.i = 〈e
α.i, h〉eα.i and by the linearity
of ∆ we have
(21) h′(α1) ⊗ h
′′
(α2)
· · · ⊗ h′n(αn) = 〈e
α.i, h〉(eα.i)
′
(α1)
⊗ (eα.i)
′′
(α2)
⊗ · · · ⊗ (eα.i)
′n
(αn)
.
Theorem 5.6. D(H) is quasitriangular with universal R-matrix given by (20) for
any α, β ∈ π.
Proof. Rα,β is well defined and invertible by Lemma 5.4. We still need to check the
four relations (7).
Relation (7a). Let α, β, and γ be π. Given h ∈ Hβ−1α−1 and f ∈ H
∗
γ , we have
Rα,β∆α,β(h⊛ f) =
(
(eα−1.i ⊛ ε)⊗ (1β−1 ⊛ e
α−1.i)
)(
(ϕβ(h
′
(β−1α−1β))⊛ f
′)⊗ (h′′(β−1) ⊛ f
′′
)
)
= (eα−1.i)
′′
(α−1)ϕβ(h
′
(β−1αβ))⊛
⊛
〈
f ′, s−1γ
(
(eα−1.i)
′′′
(γ−1)
)
ϕα
(
(eα−1.i)
′
(α−1γα)
)〉
⊗ h′′(β−1) ⊛ e
α−1.if ′′.
Since the action of
(
σ ◦
(
ϕα ⊗Dα(H)
)
◦∆αβα−1,α
)
( ) on h⊛ f is given by
h⊗ f
∆
αβα−1,α
ϕα(h
′
(β−1))⊛ f
′ ⊗ h′′(α−1) ⊛ f
′′
ϕ
α−1
⊗Dα(H)
h′(β−1) ⊛ ϕ
∗
α(f
′)⊗ h′′(α−1) ⊛ f
′′ σ h′′(α−1) ⊛ f
′′ ⊗ h′(β−1) ⊛ ϕ
∗
α(f
′),
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we have((
σ◦
(
ϕα ⊗Dα(H)
)
◦∆αβα−1,α
)
(h⊗ f)
)
Rα,β
=
(
h′′(α−1) ⊛ f
′′ ⊗ h′(β−1) ⊛ ϕ
∗
α(f
′)
)(
eα−1.i ⊛ ε⊗ 1β−1 ⊛ e
α−1.i
)
= h′′′′(α−1)eα−1.i ⊛ f
′′ ⊗ h′′(β−1) ⊛ ϕ
∗
α(f
′)
〈
eα
−1.i, s−1
α−1
(h′′′(α)) ϕβ(h
′
(β−1α−1β))
〉
.
Relation (7a) is proved by observing that evaluating the two expressions above
against the tensor Hα−1 ⊗H
∗
γ ⊗Hβ−1 ⊗ 〈·, x〉 (for a generic x ∈ Hα−1γ) we found
the same result.
Relation (7b). For any α, β, γ ∈ π, we have{
(Rα,γ)1β3 = (eα−1.i ⊛ ε)⊗ (1β−1 ⊛ ε)⊗ (1γ−1 ⊛ e
α−1.i)
(Rα,β)12γ = (eα−1.i ⊛ ε)⊗ (1β−1 ⊛ e
α−1.i)⊗ (1γ−1 ⊛ ε)
and so we have (Rα,γ)1β3(Rα,β)12γ = eα−1.ieα−1.j⊛ε⊗1β−1⊛e
α−1.j⊗1γ−1⊗e
α−1.i.
Since Rα,βγ = eα−1,i ⊛ ε ⊗ 1(βγ)−1 ⊛ e
α−1.i, we have
(
Dα(H) ⊗ ∆β,γ
)
(Rα,βγ) =
eα−1.i ⊛ ε⊗ 1β−1 ⊛ (e
α−1.i)′ ⊗ 1γ−1 ⊛ (e
α−1.i)′′. So, we only need to prove
(22) eα−1.ieα−1.j ⊗ e
α−1.j ⊗ eα
−1.i = eα−1.i ⊗ (e
α−1.i)′ ⊗ (eα
−1.i)′′.
If we evaluate both sides of (22) against the tensor f ⊗H∗
α−1
⊗H∗
α−1
(for a generic
f ∈ H∗α), then, by (21), we found the same result.
Relation (7c). Let α, β, and γ be in π. Observing thatRβ−1αβ,γ = eβ−1α−1β.i⊛
ε⊗ 1γ−1 ⊛ e
β−1α−1β.i, we obtain((
ϕβ ⊗Dγ(H)
)
(Rβ−1αβ,γ)
)
1β3
= ϕβ(eβ−1α−1β.i)⊛ ε⊗ 1β−1⊛ ε⊗ 1γ−1⊛ e
β−1α−1β.i.
Observing that (Rβ,γ)α23 = 1α−1 ⊛ ε ⊗ eβ−1.i ⊛ ε ⊗ 1γ−1 ⊛ e
β−1.i, we obtain((
ϕβ ⊗D(H)γ
)
(Rβ−1αβ,γ)
)
1β3
(Rβ,γ)α23 = ϕβ(eβ−1α−1β.i)⊛ ε⊗ eβ−1.j ⊛ ε⊗ 1γ−1 ⊛
eβ
−1α−1β.ieβ
−1.j. Finally, observing that Rαβ,γ = e(αβ)−1,i⊛ε⊗1γ−1⊛e
(αβ)−1.i, we
obtain
(
∆α,β ⊗Dγ(H)
)
(Rαβ,γ) = ϕβ
(
(e(αβ)−1.i)
′
(β−1α−1β)
)
⊛ ε⊗ (e(αβ)−1.i)
′′
(β−1) ⊛
ε⊗ 1γ−1 ⊛ e
(αβ)−1.i. So, to prove (7c), we only need to show the equality
eβ−1α−1β.i⊗eβ−1.j ⊗ e
β−1α−1β.ieβ
−1.j
= (e(αβ)−1.i)
′
(β−1αβ) ⊗ (e(αβ)−1.i)
′′
(β−1) ⊗ e
(αβ)−1.i.
(23)
If we evaluate both sides of (23) against the tensor Hβ−1α−1β ⊗Hβ−1 ⊗ 〈·, x〉 (for
a generic x ∈ Hβ−1α−1), then by (21) we found the same result.
Relation (7d). Given α, β, γ ∈ π, we have (ϕγ⊗ϕγ)(Rα,β) = (ϕγ⊗ϕγ)(eα−1.i⊛
ε⊗1β−1⊛e
α−1.i) = ϕγ(eα.i)⊛ε⊗1β−1⊛ϕγ(e
α−1.i). Now, ϕγ is a linear isomorphism,
so
(
ϕγ(eα−1.i)
)
i=1,...,nα
is a basis of Hγα−1γ−1 , and
(
ϕ∗γ−1(e
α.i)
)
i=1,...,nα
is its dual
basis. So, by Lemma 5.4, Rγαγ−1,γβγ−1 = (ϕγ ⊗ ϕγ)(Rα,β).
This concludes the proof of the theorem. 
Proof of Theorem 5.1. We need a preliminary lemma.
Lemma 5.7. Let T be any quasitriangular T-coalgebra with R-matrix R. For any
α, β ∈ π and any x ∈ Tα we have
(24) s−1β (x
′′′
(β−1))ξ(β).ix
′
(β) ⊗ ζ(β−1αβ)x
′′
(β−1αβ) = ξ(β).i ⊗ ϕβ−1(x)ζ(β−1αβ).
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Proof. By (7a), we have ξ(β).ix
′
(β) ⊗ ζ(β−1αβ).ix
′′
(β−1αβ) ⊗ x
′′′
(β−1) = x
′′
(β−1)ξ(β).i ⊗
ϕβ−1(x
′
(α))ζ(β−1αβ).i ⊗ x
′′′
(β−1). If, on both sides, we apply Tβ ⊗ Tβ−1αβ ⊗ s
−1
β and
exchange the first and the third factors, then we obtain s−1β (x
′′′
(β−1)) ⊗ ξ(β).ix
′
(β) ⊗
ζ(β−1αβ).ix
′′
(β−1αβ) = s
−1
β (x
′′′
(β−1))⊗x
′′
(β).iξ(β).i⊗ϕβ−1(x
′
(α))ζ(β−1αβ).i. Applying µβ⊗
Tβ−1αβ on both sides, and observing that s
−1
β (x
′′′
(β−1))x
′′
(β)⊗ϕβ−1(x
′
(α)) = ε(x
′
(β))1β⊗
ϕβ−1(x
′
(α)) = 1β ⊗ ϕβ−1(x), we obtain (24). 
Proof of Theorem 5.1. By Theorem 5.6, the T-coalgebra D(H) defined as in The-
orem 5.3 satisfies the three conditions of Theorem 5.1. We still have to check that
these three conditions determinate the T-coalgebra structure on D(H), i.e., that
the multiplication and the comultiplication we gave in the definition of D(H) are
uniquely defined by the requirements of Theorem 5.1.
Product. Suppose that D(H) satisfies the three conditions in Theorem 5.1.
Let us check, that, given α ∈ π, the multiplication on Dα = Hα−1 ⊛ H
∗tot,cop
must satisfy the relations (13). Let pα be defined as in (11). The bijectivity of
pα implies (13a). Let h be in Hα and let f ∈ H
∗
γ ⊆ H
∗tot,cop
1 , with γ ∈ π. By
Lemma 24, we have
s−1
γ−1
(
(h⊛ ε)′′′(γ)
)
(eγ.i ⊛ ε) (h⊛ ε)
′
(γ−1) ⊗ (1γα−1γ−1 ⊛ e
γ.i) (h⊛ ε)′′(γαγ−1)
= (eγ.i ⊛ ε)⊗ ϕγ(h⊛ ε) (1γαγ−1 ⊛ e
γ.i).
(25)
By observing that h′
(γ−1)
⊗ h′′
(γαγ−1)
⊗ h′′′
(γ)
= ϕγα(h
′
(α−1γα))⊗ϕγ(h
′
(α−1))⊗ h
′′′
γ−1
, if
we compute the left-hand side in (25), then we obtain
s−1
γ−1
(
(h⊛ ε)′′′(γ)
)
(eγ.i ⊛ ε) (h⊛ ε)
′
(γ−1) ⊗ (1γα−1γ−1 ⊛ e
γ.i) (h⊛ ε)′′(γαγ−1)
=
(
(ϕγ−1 ◦ sγ)
−1(h′′′(γ−1))⊛ ε
)
(eγ.i ⊛ ε)
(
ϕγα(h
′
(α−1γα))⊛ ε
)
⊗
⊗ (1γα−1γ−1 ⊛ e
γ.i)
(
ϕγ(h
′
(α−1))⊛ ε
)
=
(
(ϕγ ◦ s
−1
γ )(h
′′′
(γ−1))eγ.iϕγα(h
′
(α−1γα))⊛ ε
)
⊗
(
ϕγ(h
′
(α−1))⊛ e
γ.i
)
,
where, in the last passage, we used both the fact that the immersion of H in D(H)
is a morphism of T-coalgebras and (13a). So, if we apply ϕγ−1⊗ϕγ−1 on both sides
of (25), then we get
(26)
(
s−1γ (h
′′′
(γ−1))eγ.iϕα(h
′
(α−1γα))⊛ ε
)
⊗
(
h′′(α) ⊛ e
γ.i
)
= (eγ.i ⊛ ε)⊗ (h⊛ ε)(1α−1 ⊛ e
γ.i).
If we evaluate both terms of (26) against 〈f ⊗11, 〉⊗Dα(H), then on the left-hand
side we get
〈
f, s−1γ eγ.iϕα(h
′
(α−1γα))
〉
h′′(α)⊛e
γ.i = h′′(α)⊛
〈
f, s−1γ ϕα(h
′
(α−1γα))
〉
, while
on the right-hand side we get 〈f, eγ.i〉(h⊛ ε) (1α−1 ⊛ e
γ.i) = (h⊛ ε) (1α−1 ⊛ f).
Comultiplication. Let us check that the comultiplication on D(H) is also
unique. Given α, β, γ ∈ π, h ∈ Hαβ , and f ∈ H
∗
γ , we have
∆α,β(h⊛ f) = ∆α,β
(
(1α−1 ⊛ f) (h⊛ ε)
)
= (1α−1 ⊛ f
′) (h′
(α)
⊛ ε)⊗ (1α−1 ⊛ f
′′) (h′′
(β)
⊛ ε)
=
(
ϕβ
(
h′(β−1α−1β)
)
⊛ f ′
)
⊗
(
h′′(β−1) ⊛ f
′′
)
.

Remark 5.8. The quantum double of a Hopf algebra can be obtained also via the
Majid bicrossproduct [9]. This is true also in the crossed case [25]. Recently,
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Vainerman [21] constructed some examples of nontrivial T-coalgebras with non-
isomorphic components. These examples can also be interpreted —and, eventually,
enlarged— as bicrossproducts of T-coalgebras.
Remark 5.9. Street [16] has proved that, starting from any (not necessarily finite-
dimensional) Hopf algebra H , it is possible to construct, via Tannaka Theory, a
coquasitriangular Hopf algebra D∗(H) such that, when H is finite-dimensional,
D∗(H) =
(
D(H)
)∗
. Tannaka Theory for T-algebras was developed by the author
in [26] where, contextually, it is provided an analog for the co-double construc-
tion [12] in the case of a T-algebra.
6. Ribbon T-coalgebras
The notion of a ribbon Hopf algebra [13] is generalized to the case of a T-coal-
gebra in [20].
Drinfeld elements. Following [22], we set uα = (sα−1 ◦ ϕα)(ζ(α−1).i)ξ(α).i and
u = {uα}α∈pi. The uα are called Drinfeld elements ofH . When π = {1}, we recover
the usual definition of Drinfeld element of a quasitriangular Hopf algebra.
The following properties of u are proved in [22]. Let α and β be in π and let h
be in Hα.
(27a) u1 = s1(ζ(1).i)ξ(1).i.
(27b) uα is invertible with inverse u
−1
α = s
−1
α
(
ζ˜(α−1).i
)
ξ˜(α).i. Moreover we have
u−1α = (s
−1
α ◦ s
−1
α−1
)(ζ(α).i)ξ(α).i == ξ(α).i(sα−1 ◦ sα)(ζ(α).i).
(27c) (uαβ)
′
(α) ⊗ (uαβ)
′′
(β) = ξ˜(α).iζ˜(α).juα ⊗ ζ˜(β).iϕα−1(ξ˜(αβα−1).j)uβ.
(27d) ε(u1) = 1.
(27e) sα−1(uα−1)uα = uαsα−1(uα−1).
(27f ) ϕβ(uα) = uβαβ−1.
(27g) (sα−1 ◦ sα ◦ ϕα)(h) = uαhu
−1
α .
(27h) uαsα−1(uα−1)h = ϕα2(h)uαsα−1(uα−1).
Notice that, by (27g), we have (sα−1 ◦ sα)(h) = ϕα−1(uα)ϕα−1 (h)ϕα−1(u
−1
α ) =
uαϕα−1(h)u
−1
α . In particular, for h = uα we obtain
(27i) (sα−1 ◦ sα)(uα) = uα.
Definition of a ribbon T-coalgebra (first version). Let H be a quasitri-
angular T-coalgebra. According to [20], we say that H is a ribbon T-coalgebra if
it is endowed with a family θ = {θα|θα ∈ Hα}α∈pi, the twist, such that θα is invert-
ible for any α ∈ π and the following conditions are satisfied for any α, β ∈ π and
h ∈ Hα.
(28a) ϕα(h) = θ
−1
α hθα.
(28b) sα(θα) = θα−1 .
(28c) (θαβ)
′
(α) ⊗ (θαβ)
′′
(β) = θαζ(α).iξ(α).j ⊗ θβϕα−1(ξ(αβα−1).i)ζ(β).j .
(28d) ϕβ(θα) = θβαβ−1 .
Notice that (H1, R1,1, θ1) is a ribbon Hopf algebra in the usual sense.
If H = (H,R, θ) is a ribbon T-coalgebra, then, for any α ∈ π, we obtain the
following properties.
(29a) ϕα−1(h) = θαhθ
−1
α for any h ∈ Hα (this follows by 28a).
(29b) ε(θ1) = 1 (this is because H1 is a ribbon Hopf algebra).
(29c) θ1 is central (by the same reason).
(29d) θαϕα(h) = hθα for any h ∈ Hα (this follows by 28a).
Moreover, it is proved in [22] that we have
(29e) θαuα = uαθα and
(29f ) θ−2α = sα−1(uα−1)uα = uαsα−1(uα−1).
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If for any α, β ∈ π, we introduce the notation
(30a) Qα,β =
(
σ ◦ (ϕα−1 ⊗Hα)
)
(Rαβα−1,α)Rα,β =
= ζ(α).iξ(α).j ⊗ ϕα−1(ξ(αβα−1).i)ζ(β).j ,
then (28c) can be written in the form (θαβ)
′
(α)⊗(θαβ)
′′
(β) = (θα⊗θβ)Qα,β. Moreover,
if we set Q˜α,β = Q
−1
α,β = ξ˜(α).iζ˜(α).j ⊗ ζ˜(β).iϕα−1(ξ˜(αβα−1).j), we can rewrite (27c) in
the form
(30b) (uαβ)
′
(α) ⊗ (uαβ)
′′
(β) = Q˜α,β(uα ⊗ uβ).
We observe that the conjugation preserves Q, i.e., that, for any α, β, γ ∈ π, we have
(ϕα ⊗ ϕα)(Qβ,γ) = Qαβα−1,αγα−1 .
Definition of a ribbon T-coalgebra (second version). We can define a rib-
bon T-coalgebra in an equivalent way as a quasitriangular T-coalgebra H endowed
with a family v = {vα|vα ∈ Hα}α∈pi satisfying the following conditions.
(31a) hvα = vαϕα−1(h) for any h ∈ Hα.
(31b) v2α = uαsα−1(uα−1).
(31c) (vαβ)
′
(α) ⊗ (vαβ)
′′
(β) = Q˜α,β(vα ⊗ vβ).
(31d) sα(vα) = vα−1 .
(31e) ϕβ(vα) = vβαβ−1 .
The proof of the equivalence of the two definitions can be easily obtained by
modifying the analogous easy proof for Hopf algebras.
7. The quantum double of a semisimple T-coalgebra
The quantum double of a semisimple Hopf algebra over a field of characteristic
zero is both semisimple and modular (see [3]). We start this section by recalling
the definition of a semisimple T-coalgebra [22], a modular Hopf algebra [14], and
a modular T-coalgebra [20, 22]. After that, given any totally-finite T-coalgebra H ,
we discuss the relation between D(H) and the quantum double of Hpk. Finally,
we discuss the semisimplicity and the modularity of the quantum double D(H) of
a semisimple T-coalgebra H over a field of characteristic zero. In particular, we
prove that D(H) is semisimple if and only if H is totally-finite. Moreover, when H
is totally-finite, D(H) is also modular.
Basic definitions. Let H be a T-coalgebra. We say that H is semisimple when
any algebraHα (with α ∈ π) is semisimple. It is proved in [22] that H is semisimple
if and only if H1 is semisimple. Further, by [18], infinite-dimensional Hopf algebras
over a field are never semisimple. It follows that a necessary condition for H to be
semisimple is that H1 is finite-dimensional.
Let H1 = (H1, R1 = ξ1.i ⊗ ζ1.i, θ1) be a ribbon Hopf algebra. Given a finite-
dimensional representation V of H1, and a H-linear endomorphism f : V → V , the
quantum trace trq(f) of f is defined as trq(f) = tr(u1θ1f), where u1 = s1(ζ1.i)ξ1.i
and tr(·) is the usual trace of endomorphisms. V is said to be negligible when
trq(IdV ) = 0.
A modular Hopf algebra H1 is a ribbon Hopf algebra endowed with a finite family
of simple finite-dimensional H1-modules {Vi}i∈I satisfying the following conditions.
• There exists 0 ∈ I such that V0 = k (with the structure of H1-module given
by the comultiplication).
• For any i ∈ I, there exists i∗ ∈ I such that Vi∗ is isomorphic to V
∗
i .
• For any j, k ∈ I, the H1-module Vj ⊗ Vk is isomorphic to a finite sum
of certain elements of {Vi}i∈I , possibly with repetitions, and a negligible
H1-module.
DOUBLE CONSTRUCTION FOR CROSSED HOPF COALGEBRAS 17
• Let (Si,j)i,j∈I denote the square matrix whose entry Si,j is the quantum
trace of the endomorphism x 7→ ζ1.kξ1.l ⊗ ξ1.kζ1.lx of Vi ⊗ Vj∗ . Then S[H ]
is invertible.
A modular T-coalgebra [20] is a ribbon T-coalgebra H such that its component
H1 is a modular Hopf algebra.
Theorem 7.1. The quantum double D(H) of a T-coalgebra H over a field of
characteristic 0 is semisimple if and only if H is totally-finite, and, in that case,
D(H) is also modular.
To prove Theorem 7.1 we firstly need to discuss how the quantum double of a
totally-finite T-coalgebra H and the quantum double of the packed form of H are
related.
The structure of a totally finite T-coalgebra. When H is a totally-finite
T-coalgebra, the Hopf algebra H∗tot1 = (H
∗)pk is the dual of a certain Hopf algebra
Hpk. An easy computation shows that Hpk satisfies the following conditions.
• As an algebra, Hpk =
⊕
α∈piHα.
• The comultiplication ∆pk is obtained setting ∆pk =
∑
β,γ : βγ=α∆β,γ(h),
for any h ∈ Hα ⊂ Hpk.
• The counit εpk is given by εpk|H1 = ε and εpk|Hα = 0, for any α ∈ π, α 6= 1.
• The antipode is given by spk =
∑
α∈pi sα.
Moreover, we have a group homomorphism ϕpk : π →Aut(Hpk) : α 7→
⊕
β∈pi ϕ
α
β .
Conversely, let Htot be a finite-dimensional Hopf algebra (with antipode stot,
counit ε and comultiplication ∆tot), endowed with a family of subcoalgebras {Hα}α∈pi
and a group homomorphism ϕtot : π → Aut(Htot) : α 7→ ϕtot,α, such that the fol-
lowing conditions hold.
• Htot is, as an algebra, the product Hα (α ∈ π).
• For any α ∈ π, we have ∆tot(Hα) ⊂
⊕
β,γ s.t. βγ=α(Hβ ⊗Hγ).
• For any α ∈ π \ {1}, Hα ⊂ Ker ε.
• For any α ∈ π, stot(Hα) = Hα−1 .
• For any α, β ∈ π, the image of Hα under ϕtot,β lies in Hβαβ−1 .
To Htot corresponds, in the obvious way, a T-coalgebra H such that Hpk = Htot.
In particular, for any α, β ∈ π, the component ∆α,β : Hαβ → Hα ⊗ Hβ of the
comultiplication is given by Hαβ →֒ Htot
∆tot−−−→ Htot⊗Htot
pα⊗pβ
−−−−→ Hα⊗Hβ , where
pα and pβ are the canonical projections of Htot on Hα and, respectively, Hβ.
The quantum double of a totally-finite T-coalgebra. Let H be a totally-
finite T-coalgebra. We have seen that D(H) is totally finite. We can construct in
the usual way the quantum double D(Hpk) of Hpk. Neither as an algebra nor as a
coalgebra D(Hpk) is isomorphic to
(
D(H)
)
pk
since neither the multiplication nor
the comultiplication of D(Hpk) depend on the conjugation.
Now, the canonical embedding of vector spaces H1 ⊗ H
∗tot,cop
1 →֒
⊕
α∈piHα ⊗
H
∗tot,cop
1 provides an embedding of Hopf algebras of D1(H) →֒ D(Hpk), so we can
identify D1(H) with its image in D(Hpk). Moreover, even if the universal R-matrix
R1,1 = (e1.i⊗ε)⊗(1⊗e
1.i) of D1(H) and the universal R-matrix Rpk =
∑
α∈pi Rα,α
of D(Hpk) are different, for any x ∈ H1 ⊗H
∗ we have
(32) xRpk = xR1,1 and Rpkx = R1,1x.
Factorizable T-coalgebras. We recall that a finite dimensional quasitriangular
Hopf algebra H with universal R-matrix R = ξi ⊗ ζi is factorizable (see [12]) if the
map λ : H∗ → H : f 7→ 〈f, ζiξj〉ξiζj is bijective. In particular, the quantum double
of any finite-dimensional Hopf algebra is factorizable. It is proved in [11] that any
factorizable Hopf algebra is unimodular.
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Lemma 7.2. Let H be a finite-type T-coalgebra. The Hopf algebra
(
D1(H), ξ(1).i⊗
ζ(1).i
)
is factorizable.
Proof. We can identify D1(H) as a subspace ofD(Hpk) and
(
D1(H)
)∗
as a subspace
of
(
D(Hpk)
)∗
. We only need to check that λD1(H) = λD(Hpk)|
(
D1(H)
)
∗ . Let R =
ξi ⊗ ζi be the universal R-matrix of D(Hpk). For any f ∈
(
D1(H)
)∗
we have
λD(Hpk)(f) = 〈f, ζiξj〉ξiζj = 〈f, ζ(1).iξ(1).j〉ξ(1).iζ(1).j = λD1(H)(f).

The quantum double of a semisimple T-coalgebra. Let us consider the case
of a semisimple T-coalgebra H over a field k of characteristic zero. It was proved
in [22] that, for any α ∈ π,
(33) sα−1 ◦ sα = IdHα .
Lemma 7.3. If H is quasitriangular, then it is also ribbon by setting θα = u
−1
α ,
for any α ∈ π.
Proof. Axiom 31a follows by (27g) and (33). Axiom 31c follows by (30b). Ax-
iom 31d follows by (27f ). Axiom 31e can be rewritten
(34) sα−1(uα−1) = uα−1 .
This follow by [22, Theorem 6(b)], by observing that, in that formula, gα = 1α
(by [22, Corollary 7]) ϕˆ(α) = 1 (by [22, Theorem 7]), and hα = 1α (by [22,
Lemma 16], since the distinguished group-like element of H∗1 is equal to ε because
H∗1 is semisimple by [7]). Finally axiom 31b follows by (34). 
Proof of Theorem 7.1. If H is not totally-finite, D1(H) is not finite-dimensional
and so it is not semisimple.
Suppose that H is totally-finite. Hα is semisimple for any α ∈ π, therefore Hpk
is semisimple. It follows that D(Hpk) is semisimple (see [11]). Since D1(H) can be
identified with a subalgebra of D(Hpk), also D1(H) is semisimple, hence D(H) is
semisimple. By Lemma 7.3, D(H) has a natural structure of a ribbon T-coalgebra.
The rest of the proof follows the streamline of the proof of Lemma 1.1 in [3]
to which we refer for further details. Let C
(
D1(H)
)
⊂
(
D1(H)
)∗
be the ring of
characters of D1(H) and let Z
(
D1(H)
)
be the center of D1(H). By Lemma 7.2,
the restriction Λ = λ|
C
(
D1(H)
) : C(D1(H)) → Z(D1(H)) is an isomorphism of
algebras. Let Irr
(
D1(H)
)
= {Vi|0 ≤ i ≤ m} be a set of representatives for the
isomorphism classes of the irreducible representations of D(H1) such that V0 = k.
Then B = {χj∗ = tr|Vj∗ : 0 ≤ j ≤ m} is a linear basis of C
(
D(H1)
)
. We also observe
that the set C = {ej : 0 ≤ j ≤ m} of central primitive idempotents of D1(H) is a
basis of Z
(
D(H1)
)
. Now, S[D1(H)] = DA, where A is the invertible matrix which
represents Λ with respect to the bases B and C, while D = diag(dimVi). 
8. The ribbon extension of a quasitriangular T-coalgebra
Let H be any quasitriangular T-coalgebra (not necessarily of finite-type). We
describe how to obtain a ribbon T-coalgebra RT(H) such that, when π = {1}, we
recover the construction described in [13].
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Definition of RT(H). The ribbon extension RT (H) of a quasitriangular T-coal-
gebra H is the T-coalgebra defined as follows.
• For any α ∈ π, the α-th component of RT (H), denoted RTα(H), is the
vector space whose elements are formal expressions h+kvα, with h, k ∈ Hα.
The sum is given by (h + kvα) + (h
′ + k′vα) = (h + h
′) + (k + k′)vα, for
any h, h′, k, k′ ∈ Hα. The multiplication is obtained by requiring v
2
α =
uαsα−1(uα−1), i.e., by setting, for any h, h
′, k, k′ ∈ Hα,
(h+ kvα) (h
′ + k′vα) =
(
hh′ + kϕα(k
′)uαsα−1(uα−1)
)
+
(
hk′ + kϕα(k
′)
)
vα.
We identify Hα with the subset {h + 0vα|h ∈ Hα} of RTα(H). The
algebra RTα(H) is unitary with unit 1α = 1α + 0vα. Moreover, for any
α, β ∈ π, we have Rα,β ∈ Hα ⊗Hβ ⊂ RTα(H)⊗RTβ(H).
• The comultiplication is given by
∆α,β(h+ kvαβ) = ∆α,β(h) + ∆α,β(k)Q˜α,β(vα ⊗ vβ),
for any h, k ∈ Hα and α, β ∈ π. The counit is given by 〈ε, h + kvα〉 =
〈ε, h〉+ 〈ε, k〉, for any h, k ∈ H1.
• The antipode is given by sα(h+kvα) = sα(h)+ (sα ◦ϕα−1)(k)vα−1 , for any
h, k ∈ Hα and α ∈ π.
• Finally, the conjugation is given by ϕβ(h + kvα) = ϕβ(h) + ϕβ(k)vβαβ−1 ,
for any h, k ∈ Hα and α, β ∈ π.
Theorem 8.1. RT(H) is a ribbon T-coalgebra.
Proof. Since computations involved to prove in detail Theorem 8.1 are relatively
long, we only prove the coassociativity of ∆, while the rest is left to the reader. To
prove the multiplicativity of ∆ you need to check before the relation
∆α,β
(
uαβs(αβ)−1(u(αβ)−1)
)
= Q˜α,β(ϕα ⊗ ϕβ)(Q˜α,β)uαsα−1(uα−1)⊗ uβsβ−1(uβ−1).
(for any α, β ∈ π). To prove that sRT(H) is an antipode, one first needs to show
that it is antimultiplicative.
Coassociativity. We need to check that, for any h, k ∈ Hαβγ , with α, β, γ ∈ π,
we have
(35)
(
(∆α,β ⊗ RTγ(H)) ◦∆αβ,γ
)
(h+ kvαβγ)
=
(
(RTα(H)⊗∆β,γ) ◦∆α,βγ
)
(h+ kvαβγ).
By the linearity and the multiplicativity of the comultiplication in RT(H) and the
coassociativity of the comultiplication inH , by computing the left-hand side of (35),
we obtain
(
(∆α,β ⊗ RTγ(H)) ◦ ∆αβ,γ
)
(h + kvαβγ) = h
′
(α) ⊗ h
′′
(β) ⊗ h
′′′
(γ) + (k
′
(α) ⊗
k′′(β)⊗ k
′′′
(γ))
(
(∆α,β ⊗RTγ(H)) ◦∆αβ,γ
)
(vαβγ), while, by computing the right-hand,
side we obtain
(
(RTα(H)⊗∆β,γ)◦∆α,βγ
)
(h+kvαβγ) = h
′
(α)⊗h
′′
(β)⊗h
′′′
(γ)+(k
′
(α)⊗
k′′(β) ⊗ k
′′′
(γ))
(
(RTα(H) ⊗ ∆β,γ) ◦ ∆α,βγ
)
(vαβγ), so we only need to check that we
have
(36)
(
(∆α,β ⊗ RTγ(H)) ◦∆αβ,γ
)
(vαβγ) =
(
(RTα(H)⊗∆β,γ) ◦∆α,βγ
)
(vαβγ).
By computing the left-hand side of (36), we get
(
(∆α,β⊗RTγ(H))◦∆αβ,γ
)
(vαβγ) =(
(∆α,β ⊗Hγ)(Q˜αβ,γ)
)
(Q˜α,β)12γ(vα ⊗ vβ ⊗ vγ), while, by computing the right-hand
side,
(
(RTα(H) ⊗ ∆β,γ) ◦ ∆α,βγ
)
(vαβγ) =
(
(Hα ⊗ ∆β,γ)(Q˜α,βγ)
)
(Q˜β,γ)α23(vα ⊗
vβ ⊗ vγ). We only need to show that
(
(∆α,β ⊗ Hγ)(Q˜αβ,γ)
)
(Q˜α,β)12γ =
(
(Hα ⊗
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∆β,γ)(Q˜α,βγ)
)
(Q˜β,γ)α23, or, equivalently,
((
σ ◦ (Hβ ⊗ ϕα)
)
(Rβ,α)
)
12γ
(Rα,β)12γ ·
·
(
(∆α,β ⊗Hγ) ◦ σ ◦ (Hγ ⊗ ϕαβ)
)
(Rγ,αβ)(∆α,β ⊗Hγ)(Rαβ,γ)
=
((
σ ◦ (Hγ ⊗ ϕβ)
)
(Rγ,β)
)
α23
(Rβ,γ)α23·
·
(
(Hα ⊗∆β,γ) ◦ σ ◦ (Hβγ ⊗ ϕα)
)
(Rβγ,α)(Hα ⊗∆β,γ)(Rα,βγ).
(37)
Let us set x =
(((
σ◦(ϕα−1⊗Hα)◦∆αβα−1,α
)
⊗Hγ
)
◦σ◦(Hγ⊗ϕαβ)
)
(Rγ,αβ), and
y =
((
Hα⊗
(
σ◦(ϕβ−1⊗Hβ)◦∆βγβ−1,β
))
◦σ◦(Hβγ⊗ϕα)
)
(Rβγ,α). Since, by (7a),
(Rα,β)12γ
(
(∆α,β⊗Hγ)◦σ◦(Hγ⊗ϕαβ)
)
(Rγ,αβ) = x(Rα,β)12γ and (Rβ,γ)α23
(
(Hα⊗
∆β,γ) ◦ σ ◦ (Hβγ ⊗ ϕα)
)
(Rβγ,α) = y(Rβ,γ)α23, if we substitute these expressions
in (37) and we apply axiom (7c) to the left-hand side and axiom (7b) to the right-
hand side, we find that (37) can be rewritten as
(
σ◦(Hβ ⊗ ϕα)
)
(Rβ,α)
)
12γ
x(Rα,β)12γ
(
(Hα ⊗ ϕβ−1)(Rα,βαβ−1)
)
1β3
(Rβ,γ)α23
=
((
σ ◦ (Hγ ⊗ ϕβ)
)
(Rγ,β)
)
α23
y(Rβ,γ)α23(Rβ,γ)α23(Rα,γ)1β3(Rα,β)12γ .
Thus, by the Yang-Baxter equation (8), we can rewrite (37) as
(38)
(
σ ◦ (Hβ ⊗ ϕα)
)
(Rβ,α)
)
12γ
x =
((
σ ◦ (Hγ ⊗ ϕβ)
)
(Rγ,β)
)
α23
y.
Given three vector spaces V1, V2, and V3, let us introduce the notation σi,j,k
(with {i, j, k} = {1, 2, 3}) for the permutation V1 ⊗ V2 ⊗ V3 → Vi ⊗ Vj ⊗ Vk.
If we compute the two factors on the left-hand side in (38), then we have
(
σ◦(Hβ ⊗ ϕα)
)
(Rβ,α)
)
12γ
=
(
(σ ⊗Hγ) ◦ σ2,3,1 ◦ (Hγ ⊗Hβ ⊗ ϕα)
)(
(Rβ,α)γ23
)
=
(
(σ ⊗Hγ) ◦ σ2,3,1 ◦ (Hβ ⊗ ϕβ ⊗ ϕαβ)
)(
(Rβ,β−1αβ)γ23
)
,
(where in the last passage we used axiom (7d)) and
x =
(((
σ ◦ (ϕα−1 ⊗Hα) ◦∆α−1βα,α ◦ ϕαβ
)
⊗Hγ
)
◦ σ
)
(Rγ,αβ)
=
(((
σ ◦ (ϕα−1 ⊗Hα) ◦ (ϕαβ ⊗ ϕαβ)
)
⊗Hγ
)
◦ σ2,3,1 ◦ (Hγ ⊗∆β,β−1αβ)
)
(Rγ,αβ)
=
(
(σ ⊗Hγ) ◦ σ2,3,1 ◦ (Hβ ⊗ ϕβ ⊗ ϕαβ)
)(
(Rγ,β−1αβ)1β3(Rγ,β)12(β−1αβ)
)
,
(where, in the last passage, we used axiom (7b)). Similarly, on the right-hand side
we have
((
σ◦(Hγ⊗ϕβ)
)
(Rγ,β)
)
α23
=
(
(Hα⊗σ)◦σ3,1,2◦(Hγ⊗ϕβ⊗ϕαβ)
)(
(Rγ,β)12(β−1αβ)
)
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and
y =
(
(Hα ⊗ σ) ◦
(
ϕα ⊗
(
(ϕβ−1 ⊗Hβ) ◦∆βγβ−1,β
))
◦ σ
)
(Rβγ,α)
=
(
(Hα ⊗ σ) ◦ (ϕαβ ⊗Hγ ⊗ ϕβ) ◦
(
ϕβ−1 ⊗ (∆γ,β ◦ ϕβ−1)
)
◦ σ
)
(Rβγ,α)
(by axiom (7d))
=
(
(Hα ⊗ σ) ◦ (ϕαβ ⊗Hγ ⊗ ϕβ) ◦ (Hβ−1αβ ⊗∆γ,β) ◦ σ
)
(Rγβ,βαβ−1)
=
(
(Hα ⊗ σ) ◦ (ϕαβ ⊗Hγ ⊗ ϕβ) ◦ σ3,1,2 ◦ (∆γ,β ⊗Hβ−1αβ)
)
(Rγβ,βαβ−1)
=
(
(Hα ⊗ σ) ◦ σ3,1,2 ◦ (Hγ ⊗ ϕβ ⊗ ϕαβ)
)((
(Hγ ⊗ ϕβ−1)(Rγ,α)
)
1β3
(Rβ,β−1αβ)γ23
)
(where in the last passage we used axiom (7c)).
We observe that the application (Hα⊗ σ) ◦ σ3,1,2 ◦ (Hα⊗ϕα ⊗ϕαβ) is bijective.
So, we can rewrite (38) in the form
(Rβ,β−1αβ)γ23(Rγ,β−1αβ)1β3(Rγ,β)12(β−1αβ)
= (Rγ,β)12(β−1αβ)
(
(Hγ ⊗ ϕβ−1)(Rγ,α)
)
1β3
(Rβ,β−1αβ)γ23
and this last formula is true by the Yang-Baxter equation (8).

Corollary 8.2. Let H be a finite-type T-coalgebra. We obtain a ribbon T-coalgebra
RT
(
D(H)
)
.
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